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MINIMAL MODELS OF SOME DIFFERENTIAL GRADED MODULES
BERRI˙N S¸ENTU¨RK AND O¨ZGU¨N U¨NLU¨
Abstract. Let k be an algebraically closed field of characteristic 2. In [5], Carlsson showed the
existence of minimal models of certain semifree differential graded k[x1, . . . , xr]-modules. Here
we give an explicit construction of these minimal models without the semifreeness condition.
We also prove Carlsson’s rank conjecture [4, Conjecture II.8] when the degrees of all nonzero
homology groups of a differential graded module have the same parity. Dually, we construct
minimal models of chain complexes of Borel constructions of spaces with a free (Z/2)r-action.
These minimal models are called minimal Hirsch-Brown models by Allday-Puppe [1]. Puppe
[14] also showed that putting certain multiplicative structures on these minimal models could
be useful to improve known results on related conjectures. Here we give our construction of
these models using operadic language. This enables us to put multiplicative structures on these
models.
1. Introduction
Bounds for the total dimension of the cohomology of a space that admits a free torus
action have been studied extensively. Puppe [14] showed that, given a certain multiplicative
structure on the minimal Hirsch-Brown model for the equivariant cohomology of such a space,
these bounds can be tightened to verify the Halperin-Carlsson rank conjecture.
In this paper, we discuss several ways to put a multiplicative structure on minimal Hirsch-
Brown models. These multiplicative structures differ from those considered by Puppe in [14], so
we do not directly obtain a proof of the Halperin-Carlsson rank conjecture. However, our work
does recover and generalize some results by Carlsson in [5], [4] and by Allday-Puppe in [1].
We also discuss a stronger version of the conjecture for free 2-torus actions. Let k be an
algebraically closed field of characteristic 2 and S := k[x1, . . . , xr] the polynomial algebra in r
variables of degree −1 with coefficients in k. We will say (M,∂) is a differential graded S-module
(dg-S-module) if M is an S-module and ∂ is an S-linear endomorphism of M that has degree
−1 and satisfies ∂2 = 0. Moreover we say a dg-S-module is semifree if its underlying graded
S-module is free.
Conjecture 1. [4, Conjecture II.8] For S = k[x1, . . . , xr] as above, if (M,∂) is a semifree
dg-S-module and its homology is nonzero and finite dimensional as a k-vector space, then
rankSM ≥ 2
r.
We prove the conjecture in the following case:
Theorem 1. Conjecture 1 holds if n and m have the same parity whenever Hn(M) 6= 0 and
Hm(M) 6= 0.
When the characteristic of the field is odd, a result analogous to Theorem 1 is proved by
Walker [15], [16]. Also note that for any prime p, the Halperin-Carlsson rank conjecture about
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p-torus action is easy to prove for spaces that satisfy the topological version of the hypotheses in
Theorem 1. More precisely, assume that G is a finite group, C is a free kG-chain complex that is
finite dimensional as a k-vector space, and n and m have the same parity whenever Hn(C) 6= 0
and Hm(C) 6= 0. Then
dimkH(C) = |χ(H(C))| = |χ(C)| = |G| |χ(k ⊗kG C)| ,
where χ denotes the Euler characteristic. Therefore, dimkH(C) ≥ |G| when dimkH(C) 6= 0.
Although we cannot prove Theorem 1 with the same ease, we still consider our main contribution
to be the construction of the minimal models mentioned above using the operadic language. This
allow us to put multiplicative structure on these models which may pave the way to putting the
right one.
Throughout this paper, k is an algebraically closed field of characteristic 2 and all (co)operads
are differential graded non-symmetric (co)operads over k. In Section 2, we recall definitions,
notation, and well-known results about algebraic (co)operads. In Section 3, we discuss con-
structions of some minimal models and prove Theorem 1. In Section 4, we put multiplicative
structures on the minimal Hirsch-Brown models.
2. Definitions and Notation
We will take most of definitions and notation from [11].
2A. Free (co)operads. A dg-N-module M is a sequence of differential graded k-modules
M = (M(0),M(1),M(2), . . . ).
A free operad over the dg-N-module M is an operad T together with an dg-N-module
morphism i : M → T such that if P is an operad and f : M → P is an dg-N-module
morphism then there exists a unique operad morphism f˜ : T → P with f = f˜ ◦ i.
There exists a free operad T (M) over every dg-N-module M , see [11, Section 5.9.6]. This
free operad is constructed by using planar trees whose n-leafed vertices are labelled by the
elements of M(n). The operad composition of T (M) is given by grafting trees. Hence, as an
operad T (M) is generated by
{ b
∣∣∣ b ∈ B0 } ⋃{ b ∣∣∣ b ∈ B1 } ⋃ { b ∣∣∣b ∈ B2 } ⋃ . . .
where Bj is a basis for M(j) as a k-vector space. As an dg-N-module, T (M) is always equipped
with an extra grading, called the weight-grading. If M itself has no such extra grading, then
the trees in T (M) with exactly n-vertices are said to have weight-grading n. If M already has
weight-grading, then the sum of weight-grades of elements in M used to label the vertices of a
tree in T (M) is the weight-grade of that tree. Hence we have a decomposition of T (M) indexed
by the weight-grading
T (M) =
⊕
n≥0
T (M)(n),
where each T (M)(n) is dg-N-module.
Dually, we let T c(M) denote the cofree cooperad over M . T c(M) is isomorphic to T (M)
as a weight-graded k-vector space, while as a cooperad T c(M) is cogenerated by the generators
of T (M) mentioned above.
Let sM denote the dg-N-module M whose degree is shifted by 1, i.e., sMi(n) = Mi−1(n)
for n ∈ N and i ∈ Z. More generally, for any integer m, smM denotes the dg-N-module M
whose degree is shifted by m.
MINIMAL MODELS OF SOME DIFFERENTIAL GRADED MODULES 3
2B. Quadratic (co)operads. A pair (M,R) is called an operadic quadratic data pair if M is
an dg-N-module and R is a sub-dg-N-module of T (M)(2). The quadratic operad associated to
the quadratic data pair (M,R) is
P(M,R) := T (M)/(R),
where (R) is the operatic ideal generated by R ⊆ T (M)(2). In other words, P(M,R) is the
largest quotient operad P of T (M) for which the composite
R֌ T (M)(2) ֌ T (M)։P
is zero.
Dually, the quadratic cooperad C (M,R) associated to the quadratic data pair (M,R) is the
largest subcooperad of T c(M) for which the composite
C ֌ T
c(M)։ T c(M)(2) ։ T c(M)(2)/R
is zero, see [11, Section 7.1] and [2, Section 6.3.1].
The Koszul dual cooperad of a quadratic operad P = P(M,R) is
P
¡ := C (sM, s2R),
where s2R is the image of R under the natural map T (M)(2) → T (sM)(2). Similarly, the Koszul
dual operad of a quadratic cooperad C = C (M,R) is
C
¡ := P(s−1M,s−2R),
where s−2R is the image of R under the map T (M)(2) → T (s−1M)(2) induced by the natural
degree 1 dg-N-module morphism M to sM , see [11, Section 7.4.7].
2C. The (co)bar construction. For an operad P, let P be the cokernel of the unit map
I → P. If P = I ⊕ P as dg-N-modules, the bar construction BP of P is the dg-cooperad
T c( sP) with differential d1 + d2, where d1 and d2 are as in [11, Section 6.5.1].
Similarly, for a cooperad C , let C denote the kernel of the counit map C → I. If C = I⊕C
as dg-N-modules, the cobar construction ΩC of C is the dg-operad T ( s−1 C ) with differential
d1 + d2, where d1 and d2 are as in [11, Section 6.5.2].
Let (M,R) be an operatic quadratic data pair. The quadratic operad P = P(M,R) is
Koszul if the natural dg-cooperad morphism P¡ → BP is a quasi-isomorphism of dg-cooperads,
see [11, Theorem 7.4.2]. When P is Koszul, we define the operad P∞ := ΩP
¡.
2D. (Co)algebras over (co)operads. Let P be an operad. A P-algebra is a differen-
tial graded k-module A together with an operad morphism P → EndA, where EndA(n) =
Hom(A⊗n, A). Dually, for a cooperad C , a C -coalgebra is a differential graded k-module C
together with an operad morphism C ∗ → coEndC , where C
∗ is the dual of C and coEndC(n) =
Hom(C,C⊗n).
A cooperad C is called coaugmented if its counit map has a right inverse. Let C be a
coalgebra over coaugmented cooperad C . For x ∈ C, we define x1, x2, . . . by
∆C(x) = (x1, x2, . . .) ∈
∏
n≥1
(
C (n)⊗C⊗n
)
,
where ∆C denotes the structure map of the coalgebra C. We filter the coalgebra C by FrC :=
{x ∈ C |xi = 0 for any i > r} for r ≥ 1. If C =
⋃
r≥1 FrC, then C is conilpotent, see [11,
Section 5.8.4].
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Let C be a dg-cooperad, P a dg-operad, and ϕ : C → P a twisting morphism as in [11,
Section 11.1.1]. The bar construction Bϕ is a functor from the category of dg-P-algebras to the
category of conilpotent dg-C -coalgebras, defined on a dg-P-algebra A by
BϕA := (C ◦ϕ P) ◦P A,
where ◦ϕ denotes the right-twisted composite product and ◦P denotes the relative composite
product over P, see [11, Sections 6.4.7 and 11.2.1 ].
Dually, the cobar construction Ωϕ is a functor from the category of conilpotent dg-C -
coalgebras to the category of dg-P-algebras, defined on a conilpotent dg-C -algebra C by
ΩϕC := (P ◦ϕ C ) ◦
C C,
where ◦ϕ denotes the left-twisted composite product and ◦
C denotes the relative composite
product over C , see [11, Sections 6.4.7 and 11.2.1].
Let W , V be two P∞-algebras. Then an ∞-morphism f :W → V is a dg-N-module mor-
phism P¡ → EndWV , where End
W
V (n) = Hom(W
⊗n, V ). Moreover, f is an∞-quasi-isomorphism
if f sends the counit in P¡ to a quasi-isomorphism in EndWV (1).
2E. Homotopy operadic algebras. Let (W,dW ) and (V, dV ) be chain complexes that are
dg-k-modules. Assume i and p are chain maps and h is chain homotopy as in the diagram
(V, dV )h
(( p
//
(W,dW )
i
oo
.
W is a homotopy retract of V if IdV − i ◦ p = dV ◦ h + h ◦ dV and i is a quasi-isomorphism.
Moreover, W is a deformation retract of V if we also have IdW = p ◦ i.
Theorem 2. [11, Theorem 10.3.1] Let P be a Koszul operad and (W,dW ) a homotopy retract
of (V, dV ). Any P∞-algebra structure on V can be transferred to a P∞-algebra structure on W
such that i extends to an ∞-quasi-isomorphism.
This theorem, known as the Homotopy Transfer Theorem, is a generalization of [10, The-
orem 1] and will be used in Sections 3 and 4 to construct minimal Hirsch-Brown models and
minimal models discussed by Carlsson. In these constructions, we also use the following property
of the bar construction:
Theorem 3. [11, Proposition 11.2.3] Let ϕ : C → P be an operadic twisting morphism and A,
A′ dg-P-algebras. If f : A → A′ is a quasi-isomorphism, then f induces a quasi-isomorphism
between the dg-C -coalgebras BϕA and BϕA
′.
The bar and cobar constructions form adjoint functor pair.
Proposition 1. [11, Corollary 11.3.5] Let P be a Koszul operad with canonical twisting mor-
phism κ : P¡ → P. For every dg-P-algebra A, the counit of the adjunction
ǫκ : ΩκBκA→ A
is a quasi-isomorphism of dg-P-algebras. Dually, for every conilpotent dg-P¡-coalgebra C, the
unit of the adjunction
νκ : C → BκΩκC
is a quasi-isomorphism of dg-P¡-coalgebras.
The relation between ∞-quasi-isomorphisms and quasi-isomorphisms is given by the fol-
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Theorem 4. [11, Theorem 11.4.9] Let P be a Koszul operad and A, A′ dg-P∞-algebras. There
exists an ∞-quasi-isomorphism of dg P∞-algebras A → A
′ if and only if there exists a zigzag
of quasi-isomorphisms of dg-P∞-algebras A← • → • ← • → • . . .→ A
′.
Such a zigzag of quasi-isomorphism will be written A! A′.
3. Minimal Models
In this section, r denotes a positive integer. Here we discuss Hirsch-Brown Models in view
of the Homotopy Transfer Theorem.
3A. Unary quadratic (co)operads. Let (M,R) be the quadratic data pair
M = (0, kv1 ⊕ kv2 ⊕ · · · ⊕ kvr, 0, . . . ), R = { vivj + vjvi | 1 ≤ i < j ≤ r }.
We define the quadratic cooperads
E := C (M,R) and S := C (sM∗, s2R⊥),
and the quadratic operads
P := E ¡ = P(s−1M,s−2R) ∼= S ∗ and W := S ¡ = P(M∗, R⊥) ∼= E ∗.
For i in {1, 2, . . . r}, define ti in E (1) and xi in P(1) as in Section 2A
ti :=
vi
xi :=
s
−1
vi
Then E (1) is the exterior coalgebra Λc := Λ(t1, t2, . . . , tr)c and P(1) is the polynomial algebra
S = k[x1, . . . , xr]. Both the cooperad E and the operad W are isomorphic to
(0,Λc, 0, 0, 0, . . . )
as dg-N-modules. However, when we consider the operad structure on W , the algebra W (1) is
the exterior algebra Λ.
The operad P and the cooperad S are both isomorphic to
(0, S, 0, 0, 0, . . . )
as dg-N-modules. However, S (1) is isomorphic to the polynomial coalgebra Sc.
3B. Minimal Hirsch-Brown models. Let G be an elementary abelian 2-group of rank r
with generators {g1, . . . , gr}. Assume that G acts freely on a finite simplicial set X. The goal
of this section is to construct minimal Hirsch-Brown models as in [1]. In other words, we
construct a differential structure on H•(BG; k)⊗H•(X; k) whose cohomology is isomorphic to
the cohomology of the Borel construction EG×G X. Note that H
•(BG; k) ∼= S.
The chain complex C = C•(X; k) is a finite dg-kG-module. By identifying ti with 1 + gi,
we can view kG as the exterior algebra Λ. Hence C is a W -algebra. Recall that S = W ¡ and
W∞ = ΩS . Let j denote the inclusion of dg-W -algebras into dg-ΩS -algebras. Since H(C)
is a deformation retract of jC as dg-k-modules, by Theorem 2 they are ∞-quasi-isomorphic as
ΩS -algebras. We know that W is also a Koszul operad. Then by Theorem 4, there exists a
zigzag of quasi-isomorphisms of dg-ΩS -algebras H(C)! jC.
Note that S is a connected cooperad, so it is conilpotent. Let ι : S → ΩS be the universal
twisting morphism. By Theorem 3, there is a zigzag of quasi-isomorphisms BιH(C)! (Bι ◦
j)(C) as S -coalgebras. As graded N-modules, we have the following isomorphisms:
BιH(C) = (S ◦ι ΩS ) ◦ΩS H(C) ∼= S ◦H(C) ∼= Sc ⊗H(C).
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We call the S ∗-algebra (BιH(C))
∗ the minimal Hirsch-Brown model because
(BιH(C))
∗ ∼= (Sc⊗˜H(C))
∗
∼= S⊗˜(H•(X; k))
∗
∼= H•(BG; k)⊗˜H•(X; k)
where ⊗˜ is the usual tensor product of k-modules with a possibly twisted differential, see [1]. Let
κ : S → W be the canonical twisting morphism. Note that C•(EG; k) is kG-chain homotopy
equivalent to Sc⊗˜kG := S ◦κ W , where both are considered as right kG-modules. Also we have
(Bι ◦ j) = Bκ. Hence
(Bι ◦ j)(C) ∼= Sc⊗˜kG⊗kG C
≃ C•(EG; k) ⊗kG C
≃ C•(EG×G X; k)
For the last homotopy equivalence see [1, proof of Theorem 1.2.8] and [6, VI.12].
3C. The Minimal model of Carlsson. Let N be a differential graded S-module. We view
N as a dg-S -coalgebra. The goal of this section is to construct Carlsson’s minimal model [5]
for N . We construct a dg-S -coalgebra that is quasi-isomorphic to N and has zero differential
when tensored with k over S .
We have F = F2(N) in the filtration from Section 2D, so the coalgebra N is conilpotent.
As a dg-k-module H(N) is a deformation retract of N . We obtain the following deformation
retract of dg-k-modules by applying the functor Ωκ, where κ : S → S
¡ is the canonical twisting
morphism
(ΩκN)Ωκ(h)
(( Ωκ(p)
//
(ΩκH(N))
Ωκ(i)
oo
.
Then by Theorem 2, ΩκN
Ωκ(i)
←−−− ΩκH(N) extends to an ∞-quasi-isomorphism of dg-ΩS -
algebras. Furthermore, we have another deformation retract
(ΩκH(N))(h′)
(( p
′
//
(H(ΩκH(N)))
i′
oo
and so ΩκH(N)
i′
←− H(ΩκH(N)) extends to an ∞-quasi-isomorphism of dg-ΩS -algebras by
Theorem 2. Combining these two ∞-quasi-isomorphisms, we have an ∞-quasi-isomorphism
of dg-ΩS -algebras ΩκN ← H(ΩκH(N)). Thus by Theorem 4, there is a zigzag of quasi-
isomorphisms as dg-ΩS -algebras
ΩκN! H(ΩκH(N)).
Then by Theorem 3, we have a zigzag of quasi-isomorphisms of dg-S -coalgebras
BκΩκN! BκH(ΩκH(N)).
There is a quasi-isomorphism of dg-S -coalgebras N → BκΩκN by Proposition 1. Therefore, we
obtain a zigzag quasi-isomorphism of dg-S -coalgebras
N! BκH(ΩκH(N)).
Note that k⊗SBκH(ΩκH(N)) has zero differential. Hence we call the dg-S -coalgebra BκH(ΩκH(N))
the Carlsson minimal model of N .
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3D. A special case of Carlsson’s conjecture. The following is equivalent to Theorem 1:
Theorem 5. Let k be an algebraically closed field of characteristic 2 and S the polynomial
algebra in r variables of degree −1 with coefficients in k. Assume (M,∂) is a semifree dg-S-
module and its homology is nonzero and finite dimensional as a k-vector space. Further assume
that n and m have the same parity whenever Hn(M) 6= 0 and Hm(M) 6= 0. Then 2
r ≤ rankSM .
Proof. We can consider M as a dg-S -coalgebra. As in Section 3C, we have a zigzag of quasi-
isomorphism of dg-S -coalgebras
M! BκH(ΩκH(M)),
where each middle term in this zigzag is semifree.
If f : K → L is a quasi-isomorphism of bounded-below complexes of free modules, then
the mapping cone of f is a bounded-below acyclic complex of free modules. Therefore, the
mapping cone is contractible and f is split, so f is a homotopy equivalence [3, Proposition 0.3,
Proposition 0.7]. This implies the following zigzag of quasi-isomorphism:
k ⊗S M! k ⊗S BκH(ΩκH(M)) ∼= H(ΩκH(M)).
If H(M) is concentrated in only odd or even degrees, then the differential on ΩκH(M) is zero.
Hence,
dimk(H(ΩκH(M))) = dimk(ΩκH(M)) = 2
r dimkH(M) ≥ 2
r,
because M has non-zero homology. Thus,
2r ≤ dimk(H(k ⊗S M)) ≤ dimk(k ⊗S M) = rankS(M).

4. Multiplicative structures on minimal Hirsch-Brown models
In this section, we define an operad W˜ that will play the same role of W as in 3B.
4A. The operad W˜ . Let P be a unary non-symmetric operad and Q be a non-symmetric
operad. Assume that their presentations are given by P = T (X)/(R), where X(n) = 0 when
n 6= 1 and Q = T (Y )/(L). Then the Boardman-Vogt tensor product of P and Q is the operad
P ⊗BV Q defined by
P ⊗BV Q = T (X ⊕ Y )/(R ⊕ L⊕ I),
where I is generated by the relations of the form γ(p; q)− γ(q; p, . . . , p) for p ∈ X(1), q ∈ Y (m),
and γ is the composition map of T (X ⊕ Y ).
The associative operad As is P(M,R), where
M = (0, 0, kµ, 0, 0, 0, . . . ), R = k(µ ◦1 µ+ µ ◦2 µ).
In terms of trees, we have
:= µ with the relation = in As.
Here, we consider a dg-As-algebra structure as a multiplicative structure. To put a multiplicative
structure on minimal Hirsch-Brown model, we define an operad
W˜ := E ∗ ⊗BV (As
¡)∗.
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In the case r = 1, we have
W˜ =
〈
, ; , + , +
〉
where < M ;R > denotes the free operad divided by the operadic ideal generated by R. Con-
sidering t = t1 and t < µ, we have
< < < < < < < < . . .
Correspondingly, we have the following path sequences of the planar rooted trees above:
(t) < (µ, µ) < (µ, µt) < (µt, µ) < (µt, µt) < (µ, µ2, µ2) < (µ, µ2, µ2t) < (µ, µ2t, µ2) < . . .
More generally, when r is a positive integer, I ⊆ {1, . . . , r}, let t(I) =
∏
j∈I tj, where it is
understood that t(∅) = 1. Then a basis for W˜ (n) is
{µt(I1), µ
2t(I2), . . . , µ
n−1t(In−1), µ
n−1t(In) },
where Ii ⊆ {1, . . . , r} for all i ∈ {1, . . . , n}. Considering the graded path lexicographic order
with t1 < t2 < . . . < tr < µ, it is straightforward to check that this basis satisfies conditions 1
and 2 of [9, Section 6.3]. Hence it is a Poincare´-Birkhoff-Witt basis for W˜ .
Note that W˜ is not a quadratic operad so we cannot use the Koszul dual definition discussed
in Section 2B. Thus, we use the general Koszul dual construction for operads given in [7]. Since
W˜ has a Poincare´-Birkhoff-Witt basis, the operad is Koszul by [9, Theorem 6.6]. Moreover W˜ is
a connected operad with trivial differential, hence the Koszul dual construction for W˜ is defined
by
K(W˜ )(n) := Hn(BW˜
(n))
where n denotes the weight-grade.
4B. Multiplicative structure on minimal Hirsch-Brown models. Let G, X, and C be
as in Section 3B. The Alexander-Whitney diagonal map C → C ⊗ C is coassociative by [12],
and it induces a coassociative degree −1 map s−1C → s−1C ⊗ s−1C. Hence, we can consider
s−1C as a dg-W˜ ∗-coalgebra and sC∗ as a dg-W˜ -algebra.
Set S˜ = K(W˜ ) as defined at the end of Section 4A. Following [8, Theorem B], we will call
the (S˜ )∗-algebra (BιH(sC
∗))∗ the minimal Hirsch-Brown model as in Section 3B. Now, note
that this minimal Hirsch-Brown model of X has an associative algebra structure induced by the
inclusion (As¡)∗ ∼= (K(As))∗ ֌ W˜ , which gives As∗֌ S˜ , so As֌ S˜ ∗. Our result shows that
it is possible to put a multiplicative structure on minimal Hirsh-Brown models. Note that this
multiplicative structure is different than the multiplicative structure discussed by Puppe since
S˜ ∗ is not quadratic.
We conclude with three questions: (1) Is it possible to use this multiplicative structure
to obtain a result similar to [14, Corollary 5.2]? (2) Can we put a filtration on the minimal
Hirsch-Brown model obtained in this section by using the weight-grading of S˜ ∗? (3) Would this
filtration have properties similar to the properties listed in [14, Proposition 3.2]? (4) Instead of
W˜ , can one use a quadratic minimal model for W˜ similar to the minimal model discussed in
Theorem 40 of [13]? Affirmative answers to these questions might tighten the bounds mentioned
in Section 1.
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